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The master operators B which cause the entropy production dH/dt = — k-1 dS/d¢ to become
extremal for fixed statistical operators W are constructed and discussed. There are boundaries
of the set B of master operators, 8 = {B| X B2,, = b} for which the problem is solvable yielding
minimal entropy production, while no solution exists in the set B without any constraints.
Operators with maximal entropy production must be extremal points of B.

I. Introduetion

If one tries to deduce the phenomenological
theory of macroscopic nonequilibrium systems from
a quantum theoretical basis one gets involved into
several questions. Let us take up two of these
questions.

1. Let be {4;} a set of macroobservables [1], [2].
Then closed equations of motion for the expecta-
tion values (4;)> of the form

d A D (A
7(71t'< i = Di(<4;5))

must be obtained, but this is impossible if
demanded for every statistical operator W.
Hence selection rules for statistical operators
must be formulated.

The equations {(4;)=®;({4;>) must be irre-
versible.

Lo

These questions can be treated within the master
equation approach. Let be § the space of the linear
operators on the Hilbert space # which, for
mathematical convenience, is assumed to be of
finite dimension. By introduction of an inner
product $ then becomes a Hilbert space again. If
the macroobservables A4; commute — we shall
assume this property in this paper — then we can
simply introduce a subspace M c H generated by
the common projection operators P, of the 4;:

Adi=2 o Py, R={0|0=2 w,Py}.

Given any time evolution U(t) of a statistical
operator U e we can obtain a second time
evolution W (t) € N by projection of U (t) onto N.
Under certain circumstances this W (t) fulfills a
master equation W =BW. This master equation in
general is irreversible. If now an initial W is macro-

scopically dispersionless and if this property is
conserved in time, then the expectation values (4;)
determine the statistical operators by means of

(A =~ o, CAP) =~ (0")?,
implying W ~ P,/dim v,.

Then the closure property <(4;>=®;((4;>) will
be fulfilled. Usually one starts from the projection
onto local equilibrium, where the local equilibrium
ensemble U is obtained by the solution of the
variational problem

8S[U]1 =0,
S—= —kpSp(Ulog U) = — kg H[U],
U e B(w) = {U|Sp(UA; ) = oy for all 5} .

The solution takes the form U = (' exp(— Z AiAy),
hence U € R. The entropy S[U] just equals the
hydrodynamical entropy. Now it must be shown
that the local equilibrium form approximately is
conserved in time. Of course, both approaches are
closely related.

Now, for the case of commuting macroobserv-
ables, no linear operator C, neither on $ nor on N,
does exist, which simultaneously makes the entropy
production dS/dt= — kg Sp((CU) log U) zero and
gives the expectation values (A;>=Sp((CU)A4,)
nonvanishing values, hence no Euler-like equations
can be obtained. It is not clear, though near at
hand, that U simultaneously yields the minimal
entropy production on . If one looks for the solution
of this question, one gets involved into a difficult
nonlinear problem. Now in this paper we reverse
this problem: Given a statistical operator W e %
we look for those master operators B with fixed
norm which gives the entropy production extremal
values. Having solved this problem — if a solution
exists — we then get a lower bound for the minimal
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entropy production S[W] by
— kn minSp (Baia [ W] W) log W)
< — kg min Sp((BW)log W)
Weg
= S[W].

This of course is a point of merely technical interest.
Let us therefore give an application of more
physical interest. The transition probabilities occur-
ring in the master equation can be influenced to some
extent by interaction with external systems. Now
it is very difficult to list all master operators which
can be obtained in this way. Hence, for con-
venience, we assume that all master operators are
realizable. Therefore, given the solution of our
problem, we can investigate the following control
problem: We look for a time-dependent master
operator B(t) of fixed norm which makes the
relaxation time 7'¢d minimal for a given initial
nonequilibrium ensemble. B (f) then can be chosen
as a master operator which gives the entropy
production the maximal value for given W (t).

Now we must clarify what is meant by ‘‘master
operator‘. From the physical meaning of a statistical
operator it follows that it must be Hermitian and
positive. For our case of commuting macroobserv-
ables it turns out that a statistical operator remains
Hermitian and positive only if

By, =Sp(P,BP,) =0 for v=u

and By, =<0. Furthermore we must demand that

BWea=0 and Sp(1 W) =0. If the Hilbert space #

is chosen to be an energy shell, these latter condi-

tions imply very simple additional sum rules for

the matrix elements B,: z B, = Z B,,=0. Then
v m

all operators with these properties are called master
operators. The entropy production for a given
master operator then is given by

dS/dt = — kg > Byulogwyw,

with W:Zw,,P,,. It should be noted that the
form of the entropy production and the form of the
conditions given above depend on the choice of
commuting macroobservables. This choice is near
at hand, it follows from the usual philosophy of
macroobservables, but on the other hand it excludes
the possibility of nontrivial entropy conserving
equations as mentioned above.

Now our problem is a linear one, it can be solved
by simple geometrical techniques. We introduce a
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vector space R¢’, where p is the dimension of the
space N generated by the operators P,. Then we
consider the elements B,, and the numbers
log wy w, as components of vectors B, X € R?,
thus dH/dt = (B, X). Hence, if a solution of the
problem exists, it is obtained by simple projection
techniques. The additional question whether solu-
tions do exist or not turns out to be much more
difficult. Let be B the domain of all master opera-
tors with Z Bi,:b, then no solution exists in B
for any W. On the other hand there are boundary
pieces for which a solution exists. Thus the difficult
problem arises for which boundary pieces solutions
exist. We don‘t give the general solution of this
problem in this paper.

Let us give a short statement of contents. In
Sect. I we derive the form of the solution by
projection techniques, then we give our first

example: No solution exists in {. After that we
give the solution an analytical form by means of a
series expansion, using functional analytical meth-
ods. In Sect. ITT we take the first step in solving
the general problem mentioned above: We prove
the existence of solutions for certain boundary
pieces which are part of boundary pieces of higher
dimension, whenever the problem is solvable for
these latter pieces. In the following Sect. IV we
construct a solution and investigate an additional
example for insolvability. After that we investigate
the entropy production for boundary pieces of
dimension 0. Using convexity arguments we get a
new proof of the well-known result, that the entropy
production always is negative [4].

Thus we get bounds for every W ==Wea. It
would be interesting to investigate if there are any
dualities between master operators and statistical
operators. This idea originates from the form of the
entropy production: It is given by an ordinary
inner product, dH/dt={B, X). Moreover, any
solution takes the form By, =y 0y, (Xyu+ Ay +yu).
where #,, is given by
ft for some pairs (v, u) }

= lO for the remaining pairs

y is a constant.

II. Construction of the Extremal Operators

Let be # an energy shell of finite dimension f,
9 the space of the linear operators on #, € a sub-
space of commuting operators (macroobservables)
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and N the space which is spanned by the common
projection operators P, of the 4;€ €: 4;= Z o’ Py.
A becomes a Hilbert-space by introduction of the
trace product (4;B)=Sp(4* B) [5].

We assume the validity of a master equation for
W= Gy U, Gy is the projection operator onto %,
U the statistical operator in J#:

W=BW. (1)
The solutions of this equation must fulfill

W(t)=0; W(t)=W(t). (2)
The conditions (2) imply [6]:

(Py;BPy) = By eR,

By, =0 for v =u, B, =0. (3)

Furthermore we have from z P,=fWea:

S Bu=3 Byu=0. 4)

Regarding B,, as components of a vector B the
conditions (3) and (4) define a set € of vectors:

B| By, = 0 for v & u, B,, <0,

€= S Byu=3 Bu=0 )
v "

Now let us define
H(W)=_Sp(Wlog W), (6)

connected with the usual entropy S by S= —kH.
After a short calculation we get

dH/dt = z B, log wywy, . (7)

Now one can look for those operators W, which

make the entropy production H extremal. This
turns out to be a nonlinear problem. Thus we
investigate a related question: Given a fized
statistical operator W we look for those master
operators B e with ZB,F‘,’“:b which make the
entropy production extremal, this is a linear
problem. Let be X,,=Ilog w, w, the components
of a vector X. Then we have:

dH/dt = (B, X) . (8)

With B+Z=X we get Z2= X2+ B2—2(B, X).
Thus solutions of our problem are given by those B,
which give the distance |Z| an extremal value, if
B2=| B|2=b. Let be L the subspace of R
defined by

L:{YIZYwuzZYm=0} 9)
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and let be G, the projection operator onto L. Then
we decompose X: X =G X 4 (1 —Gp) X.

Hence extremal distance |Z| are obtained for
extremal distances |G X — B|:

Now the vectors B fulfill | B|2=5, hence they
correspond to points in a sphere of radius J/b.
Therefore, disregarding for the moment the condi-
tions (3), we get two solutions:

By =1GLX, By=—1G X,

A2 =b/|GLX|2.
Of course we are not sure that By, Bs fulfill the
conditions (3). If this is the case, the entropy
production must be negative [4], hence only the
negative solution — 2 is permitted:

dH/dt = — A<{G X, X)) <0,

GrX, X>=0.
Hence we have finally: If a solution exists, it is
given by

Vo

2
the corresponding entropy production is minimal
and given by

dH/dt = — )/b||GL X .

GLX, (10)

If there exists no solution we can look for solutions
of the problem on the boundary of the set 9:

®=Cn{B||B[2=1}. (1)

The different pieces of the boundary can be
characterized by a matrix #: Bed[n] DB, if

Bru = Nru Bz'u s (12)
0, for (v,u)e M, M a subset
Ny = of the pairs (v, u)

1, else
Of course 7, =0 implies 7,, = 1, =0 with regard
to the conditions (4). Then the same method as

above applies: Let us regard the space L[],
defined by

Ll =L {Y| Yyu=nwu Y}
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Now the question arises, whether there are sub-
spaces L[n] for which solutions exist. Gr,;; X can
be calculated by variational techniques, it is the
point in L[7n] with minimal distance from X. We
get after a short calculation

(Grin] X)yu = [Xopu + Ay + Yul Mru »
where A,, y, are determined by the conditions (4).

With dim ) = o we get

(Xop + Ao+ Yu) =0,
1

Z(Xvu + A+ Yu) N =0.

p=1

v

o |l Mra

(13)

Let us first consider the case 1,, =1 for all (v, u).
Then we get with the abbreviations

z}.pz A, Zyﬂz Vs Zlogw,,:L,
Dwy=W:Lwy+i+0y,=0,
logw, W44, +y=0 and
LW +o0i+0y=0.
Hence we get
Av+vu=1lo[—y — Wlogw, — 1 — Lw,]
= — W/ologw, — Ljp wy + LW /0?2,
and
(G X)pu = logwywy, — W log wy/o
— Ljgw, + LW[g® (14)
= (wy — W/o) (log wy — L]g) .
If all w, are equal, B vanishes, which violates
| B = }/b. If not all wy, are equal, then there are

(logwy — L[2) (w1 — W|2),
Gk = (log wa — L[2) (wy — W/2),

For p =3 there is no solution of the problem. But
it is quite possible that there are solutions on the
boundaries. Unfortunately there is no simple
analytical form of the solution like Eq. (14) for
L[n]. We only can give an expansion of the solution
(compare Egs. (22)—(24)). We define

OVZZWW: 0u=2nm
" v

and investigate the case gy, 0, ==0 for all », u. Let
us write

2 A () = 0s {4}y,

2. Xow =05 Xopys 2, 7w Xow = 00 Xugu-

N v

S A®) =0u[Alu,

v
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positive and negative factors among the factors
(wy — W/o), (log wy — L/p). Let be

w1 — Wlo =Zwe— Wlo...
=we— Wo,
logwi; — Ljp <logws — Lo ...

<

<logw, — Ljo.

We have
w1 — W/o<<0, logw; — Ljo<<0,
we— W/o>0, logw,— Ljo>0.

Let be p =3. If there is at least one ws, 6=1, p
with ws— W/p<<0 or ws— W/[po>0, we get a
violation of condition (3):

we — W/o <0 = (wsg — W/p)(logwy — Lfo) >0,
wg — Wjo >0 = (wg — W/p)(logw, — Ljo) > 0.
Hence we must have:

g+1,0=ws= W|o, logws= Lo .
Then we get
wi+we+ (0 —2)Wio=W = W = /2 (w1 + w,).
Analogously we get

L = 9/2(log w1 + log w,) .
Now we have

log(W/o) = Ljo = %(logwi + log w,)
= log (3 (w1 + we)) = w1 = w,.

Hence no solution exists for the case p =3. We get
a solution for ¢ = 2:

(logwy — L|2)(ws — W/2)

(log ws — Lj2) (we — W/2)] 5]
Thus Eq. (13) reads
ou( Xy + [Au +yu) =0,
QV(XV{V) + A+ {V}v) =0
or
Yu=— (Xpuu + [2Au)
By = — Xy + {7} (16)

Hence we have
(A = — I/Uuznvu Xopr — [{¥}Hus
= 1/sz7]vu Xuuu — {[A1}

©



vu=— Xy + I/Uuz Nou Xy + [0}
by = — Xy + I/sz Mo X uty + {[7~]}v~ (17)
"
Now let us write

Nou/0v = Hyy . Mou/ou = Koy,

— Xy + l/UuZﬂvuXv(r} =ay, (18)
Xv{x-) o+ I/szt Nou Xuu = by .
Then we get I
Vuzau+§g:KuoHevyvy (19a)
X =br+%H,gKWzﬂ. (19b)

Of course these equations must be solvable. It
turns out that the solutions are not unique, but
from our former considerations we know, that
Yu-+ 4y must be uniquely determined, if W == Wea,
Let us investigate some properties of the operators
KH=S, HK=T. From the definitions we have
the property that [x],= l/aﬂz NouXo 1is an
arithmetical mean value, depending on u, the same
is true for {x},. Thus we get with z=minz,,
F=maxa,: r=[x],=% z={z},=& Equality
only occurs, iff all x, are equal. Hence we get
(2] = {ll}y =[],

Furthermore we have

r=s[x] =[] =7,

Combining these inequalities we get

z ={z]} ={=T} =4,
s<[{x 1 =[{=}l =2,
thus we have with
D(x)=%—2: D(t) 2D(Tx),
D(x) = D(Sy),
equality only occurs, iff all components of y are
equal, we then call 1 a c-vector. Then we have
l=TF=0=g=Tg=§
1-8r=0 =1

is a c.v.

is a c.v.

In the subsequent analysis we denote a c.v. by c.
Let us now introduce the operator M :

(Myy=xy— 1[0 2.

0. Seeberg -
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If y is a solution of Eq. (19a), then M y is a solution
of the equation:

r=Ma-+ MSy.

We have:
y=a+8y=My=Ma+ MSy,
My=y—c, MSc=0 =
My=Ma+ MS[My +c]

=Ma+ MSMy.

Analogously we get: If 4 is a solution of Eq. (19b),
then M 4 is a solution of the equation

r=Mb+ MTx.
But the operators 1 — M T, 1 — MS possess no zero

vectors:
(1— M8)z=0= D) =D(MSy),
D(MSy)=D(Sx) =risacv. =
MSr=0=1r=0.
Hence we obtain solutions of Eq. (19a), (19b) by

the uniquely determined solutions of the following
equations:

=Ma+ MSy, (20a)
A=MbL-MT}, (20b)
or
=1—=—MS)'Ma, A=(1—MT)1Mb.
Now let us show that
(1—MS)1Ma=>(MS’Ma,
v=0
1—=—MT)y1Mb= Z (MT)y Mb.
v=0
We have introduced the operators M7, MS,

because |7 <1, |S|<<1 is not true, we have
Tc=c, Sc=c. It is easily seen that

N
=2 (MSy Ma+ (MSP1y

If now lim | (MS)¥+1y| =0, then we have obtained

N —>oo
the proof without the property | MS| < 1. We have

DMSMy) <DMy)=Dg.

Hence (d,) = D ((MS)" M ) decreases monotonous-
ly. We show that lim d, =0. If lim d, =d >0, then
we define

M= {Y|D(Y)=d, g1 <Yi=g}.
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Then there is (Y ,)| Y, € M with

lim | (MS)» My — Y,| =0.
I is bounded and compact, M S, D are continuous
mappings. Hence D takes its upper bound d’ on
MS[M]. Now we have d'<<d: If d'=d, then there
is Y* e I with MSY* € I, but then is Y* a c.v.,

hence d = 0. Therefore we have: D(MSY,) =d'<d.
Now D is continuous, therefore we cannot have

lim D((MS)"My)=d,
hence lim d, =0. Then all elements € I are c.v.
For all ¢ >0 there exists a n (&) with
m>n(e) = [(MSm My — Y| <e.
Thus we have with (MS)" My — Y, = X,:
| Xn| —0.
M is continuous, hence | M X, | — 0. Now
MY,=0-=|(MS)»M¢|—0

for all bounded y. This is the proof. Therefore we
finally have

y=2>(MS)*Ma,
n=0
A= (MT)"Mb+c. (21)
n=0
From Eq. (16) we get A, = — [Xy + {y}»], hence
Z [(MT)]ys by + ¢y
n=0
—_ — Xy(y) s Zny[(llIS)n JM]ZQ ag N
n=0
Cy = — X,(,,} — Z [(MT)" My, by
n=0
—szx[(MS)" Mo ao
n=0
=const =c.

The value of ¢ can be obtained by summation:

c=—> Xy — . 20[(MT)n My, by
v v, % N=
—Z ZH,,,{[(MS)”M]wag.
v,%2,0 n=0

Then we have several different forms of the solution
[GL[n] X]vu

= [Xvu == Xv(v) + ZOZ (MS)"”,‘ (427
— 2 2 (M) Mz Hyx az] o

%, An=0

(22)

Master Operators with Extremal Entropy Production

1127

[Grim Xou
= [Xyy — Xuju + Z Z [(MT)? My by

R Z z Kux[(MT)" M]x). bl] Nvu 5 (23)

n=0 x4

(Grin X]vu
=[Xpu+ 2 D [(MT)" My by

n=0 »

(24)

- Zoz [(MS)" My @x + €] Yo -
n= z
ay, by, are defined in Egs. (17). Note that these
equations are valid for any vector (X,,).
Now, however, the question still remains open
under which circumstances the solutions fulfill our
conditions (3). There are several possibilities:

1) The investigation of additional examples,
2) General investigations of the solutions (22)—
3) General topological investigations,

4) The sign of the entropy production.

(24),

The first possibility — compare our first example
for insolvability — at first glance yields the con-
jecture, that no solution B e [0[n]B]° exists for
any 7. The proof of this conjecture is difficult,
because the general form of the solution is too
complicated. The possibility 4) depends on the fact
that dH/dt <0 for every master operator and for
every W. Now, if B is a master operator, we must
have

— Vb /| Grim X | (G X[W1], Y[W2]) <0,

hence <GL[n] X[Wl], Y[W'2]> =0.

The third possibility investigates the existence
of solutions G, X, if a solution Gy X exists with
Lin]c L[n).

Let us first prove a theorem. This theorem reduces
the general problem of solvability to a special one:
If no solution exists for a special class of matrices,
then no solution does exist in the general case. Now
we can construct a solution for a matrix which
belongs to the special class mentioned above.
Therefore the conjecture is not true.

I11. Proof of a Theorem

Theorem. (25)

Let be L[7] a space of dimension k =3. If G, X
is a negative master operator with

Grin X € [0[n] B]°,
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then there exists a subspace
LicLiy), 2 <dimL[7]<k
with the property that G5 X is a negative master
operator again and Gy, X € [0[3] BI°.
Proof. Let us define
©[n, 4] (26)
X|I>Xpu=>Xpyu=0, Xpp 20, X;, <0,
N A o) B Y
where 4 is an arbitrary constant. Then € [#, 4] is

a convex polyhedron, which can be generated by its
extremal points X;:

Xec¥nAl=>X=3 hXi|h=20, 3 h=1.
Now GrmX € [€[n. A]1°. Let be
€ 0% [n, A] with minimal distance:

Y'edbn, Al = | Y — Grm X |
2|Y —GunX]|.

Y a point

Now we have Y e L[]. If this is not the case, we
can enlarge the constant 4. Now Y cannot take the
form Y =« Xy, (note that 0 is an extremal point).
If this were the case we would have

|Grom X — o X |
=[GumX —a Xy — X,

at least for sufficiently small positive f. We have

o Xy + X, e0€[n, 4].
Then we get after a short calculation:

2<{X1, G X —a Xp) = B X2 =

X, G X —a X)) =0.

Now we have, with G} being the projection operator
onto the space (Xj):

aXp =G G X,
thus

a = (Xg, G X)/| Xk |2
and therefore

X1, Grim X

< (X, Xy <X, Grpny XD[| X[ 2

for all 1. Now GrnX =3 4;X;, hence

ZI <Xy, > 4 X5

< > <Xy, Xy < Xe
7

24 XD Xe|2,
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1GLon X |2
= (Grim X, Xiy (X, Guim XD /| Xk |2,
which implies G, X | Xx. This contradicts
Grm X €[0[n] BO.

Thus we have Y = ZociXi, i =0, where at least
two o; == 0.

Hence we have
Y=>wuX;, ieR=>0>0.
ier
Then we have
YeH(X;,ieR), H(X;,ieR)=L[y].
Now we get L[7]c L[n], hence
Gron Gum X =Grim X =Y .

Of course these considerations can be repeated
with the space L[7]. Therefore we have the follow-
ing result: If there is an inner solution G, X, then
there must be a space L[7] of dimension 2 with
Grom X € [0[n] B

Hence the conjecture from Sect.II can be
checked by investigation of all matrices » which
vield a space L[#] of dimension 2. If no matrix » of
this kind does exist with Grp; X € [0[n] B, then
no inner solution can exist at all. If on the other
hand a matrix # of the kind considered yield a
solution, then, of course, one cannot conversely
conclude that inner solutions in spaces L[#%'] of
higher dimensions do exist.

IV. Construction of an Inner Solution

Let us consider a special extremal matrix #;.
This matrix has nonvanishing diagonal elements and
in any row and in any column there are exactly two
nonvanishing elements. For example: o =4,

1100
01 1 0
=10 0 1 1
100 1

The corresponding operator X is given by (X1 £ B)
By = 1/129 (Ovu — Ouum) s (27)

where u(v) determines the nonvanishing off-
diagonal element in the row ». For convenience we
have chosen Z BZ,=1. Now let us regard a matrix
n' with 7,,=n!,+ 0. Then we construct a
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third matrix 7
2 {n:y + (Sri 6ﬂj, fOI‘ y :#:‘u(@),‘u :#: y(z)

G 0 , else

} . (28)

Furthermore we presuppose that u(u(i))=7j, the
reason will become clear at one. For example: o =4,

1 1[1] 0 1010
o110 000 0
T=lo o1 1] "=|lo o1 1

1000 100 0

72 now has just two elements in any row and in any
column. Only the row u(i/) and the column u(7)
contain only vanishing elements. %2 thus is an
extremal matrix and the corresponding operator X
is constructed in the same manner as above.

Now let us consider the space generated by the
normed vectors X, X2, which correspond to our
operators. We have

a X1+ pXeeL[n'].

If o, $>0, then the corresponding operator is a
negative master operator. Clearly we have:

dim L[n']=2.
Now let us consider G,y X:
GrnX=aX1+pXs =
o+ B{X1, Xo) = (X1, X),
<Xy, Xo) 4 = (X2, X).
Let us abbreviate: ¢ =(X;, X5), H1=<X1,X>,

Hy;=(X5, X>. Then the solution of the latter
equation is

1 ;i .
OL':—T_*;Q(HI —_ (sz),

1 : ., (28)
ﬂ=m’(—¢H1+Hz)-

Now ¢, Hy, Hs are positive numbers (compare
Eqgs. (8), (10)). ¢ is given by

, 1
Hl :Zlogwpw,. I/EE

1
= Zlog Wy Wy Ny l/To ;

LR

(30)
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Hg:Zlogw,,w,]/ 17‘:
v £5(0) 20—2 -
1
— > log wyw X —. (31
VZ# g Wy u'ﬂvu[ 2] 29__2 (31)

Thus we get:
V20 —2H; =3 logw,w,
— log wy(sy wyug) — log ws wy + log wiwyq)
+ log wyu wy — z log wy wy nyu[X1] .

vEM

For abbreviation:

[log wi — log wy) ] [wuw — wjl =y - (32)
Then we get

V20 —2Hy=)20H,+y, (33)
and hence
Hi— g Hy=Hyj29 -2, (34)

Hyj20 —2—2(0—3) — (20— 3) |20/40(0 — 1)y,
Hy— g Hy = 329 + —22=3Y
2 — @] = 2/9+2VW.

These expressions must be positive in order to get
a solution. But this is possible, if y = 0.
Now:

Yy= 0= Wy = wj Or log w; = IOg Wy (i) -

Hence a solution is obtained, if H;, H2> 0. One is
able to fulfill this condition for the example given
above. We get:

e=4, ¢=)25/48,

H, = (1/)/8) [log w — log w4] [w — w4]

Hy = (1/)/6) [log w — log wy] [w — wy] ,
where, for convenience, w=w; =ws =ws3, wy +=w.
For reasons of continuity the solvability conditions
remain fulfilled for sufficiently small |y|. With

Hg = VI/Q?—‘2 Sz, Hl == Vl/2g Sl
we obtain Ss = S; -+ y. Hence
Hy — ¢ Ha = |/1201/(20 — 2)[81 — 20y + 341,
Hy— ¢ Hy=)1/20 —21/20[382 + 20y — 3]
or
Hi—gH:=)1[201/(20—2)[35: — 20y + 281)],
Hy — g Hi =)/1/20 —21/20[351 + 20]
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or
Hy— g Hy=)1/201/(20 — 2)[$1 — (20 — 3)y],
Hy—gHi= Y120 —21/20[S1 +2/30y]. (35)
Hence all X[W] with

81> 20—3)y and 81> —2/30y

yield a G1(;y X which is a negative master operator.
Let us now investigate the case p =3. Then the
conditions read: S; >3y, §; > —y/2. With

110 1 0 1
m=\{(0 1 1), n2={0 0 0],
1 0 1 1 0 1
1 1 [1]
n=(0 1 1], ¢+=1,j=38,u@s=2,
1 0 1
we have

y = [logw; — log ws] [ws — w3],
S1 = log wy (w1 — wa) + log wa (we — w3)
+ log w3 (ws — wy) .
If y > 0, then the ocndition reads Sy > 3y,
y<0 = 81> |y|2.

We don’t answer the question whether there is a W
which fulfills this condition or not.

Instead of that let us give an example which
shows that there are matrices 7 for which no
solution exists. We consider a matrix » with 7,, =1,
only 735 =0, v #=j. We get after a lengthy calculation
with GL(n)X = B

By, = (wy, — W) (logw, — L)

— (1o — 1)2(wy — W)(logwy — L) (36a)
for v, u=+j,
Bij =0, (36b)
Biy = (log wi — L)[(wy — W) + (w; — W)jo — 1],
eSS (36¢)
By; = (w; — W)[(log wy — L) + (log w; — L)/o — 1],
v, (36d)

with W= wyfo, L= logwy/o (compare Eq.
(13)). Let us choose w; =wy <+ <w,. This can be
obtained by permutation of the indices, the new
pair (¢’ §) again can be denoted by (7, j). If all w,
are equal, then we have B=0. Now, if all w, with
u=1,7 are equal, then from Eq. (36a) it follows

0. Seeberg
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that all B,, with », u==1, j are equal. Now:
By, <0<B, = By,=58,=0.
Hence all B,, =0 for », u==1, j, if o> 3. But then
B, = By;=0, which implies with B;;=0:
Bi;=0, B;y=0 or B=0.
Let us now investigate the case 9 >3 and let us

first assume that (w;— W)(log w;— L)==0. From
Eq. (36a) it follows that

{(w,, — W) (log wy — L)} . {(wu — W) (log wy, — L)
(wy — W)(logw, — L)| = |(wy — W) (log wy, — L)|"
Any equality then implies
Byy = Byy= Byy= By, =0.
Let be, for instance,
(wy — W) (logwy — L) = (wu — W)(log wy — L).
Then we have B,, = By, = 0. Now
(wy — W)(logwy, — L) =0 = log w, = log w,
= Wy =Wy = By =By =0.

Hence we get

(wj — W)(logw; — L) =0, w,<<w,
= wy, < W, logw,>L, w,>W,
logw, < L,
and
(wy — W)(ogw; — L) =0, w,<<w,
= wy, > W, logw,<<L, w,<W,
logw, > L
or

wy << wy = wy << W<w,y,
log w, < L < logw, .
Analogously we get
Wy > wy = wy << W<wy,
log w, < L << logw, .
Thus we have
wy << wy = W = Wy =wy,
or
wy,wy =W => wy=w,,

Wy, Wy =W = wy=w,.

Then we get
[Bup >0 = wy F=w, forall v =1,j] =
[wy =W = w, > W],
(wpy =W = w, < WJ].
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But then we have

B,,,,:O, Bv,uzBuv:O =

wy=1wy = Byy=0.

Thus B = 0.
Therefore we must have (w; — W) (log w; — L) =0.
Let be wj= W, log w; == L. Then Eq. (36d) implies

B,,j———O, B{jZO = B{'[:O = Bw:().

Hence from Eq. (36¢) we have w,= W for u=j.
Hence all w, are equal = B=0. The same is true
for logw;=1L, wj=W. Thus we are left with
wj= W, log w; = L. Therefore we get

By = (wy — W)(logw, — L)

for all v, u including 7, j and w;= W, logw;=L.
But this implies

B=0 (37)

as shown in Section II. Hence we have obtained a
second example for non-solvability.

Y. Entropy Production on Boundaries of
Dimension 1

The result obtained up to now is that the entropy
production possesses analytical extremal values
inside certain boundary pieces. These values are
minimal values. On the other hand the entropy
production dH/dt (8) is a continuous function on
the set B (11). B is compact and bounded, hence
dH/dt must take its extremal values in . The
maximal value must be obtained for an extremal
master operator, because no analytical maximum
exists. We have from dH/dt = > log wywy By, if B

is an extremal operator:

dH/dt = — |/b[26 > log wy(wy — wsw))  (38)

with o= znw. In every row » there is just one
non-vanishing #7s¢), in every column x we have
just one non-vanishing 7,4, . Now let us show that
dH/dt 0. Of course, this result has been used
previously. We regard the variational problem
O0(dH/dt)=0 now for a fized extremal master
operator under the constraints Zs,.w,.: 1, wy,=0.
This problem is less difficult than the general one.
We get

dH|dt = — [/b[20 [ wylog wy nuu
- Z (Myu — Owu) wy log wy] .

Hence
d/de {— V/b/20 [2 (y + & uy)(log (W, + & uy))

— 2 Nou(®u + & wy) (log (T + € uy))

+ lZs,,(dv, +euy)]} =0 for ¢=0
where u, is a test vector. If all @, > 0, then we get
with u, = Oux

2 [log wy + 1] — Z Ny lOg Wy

— > Yo T + A5 =0

= Wy log Wy + Wy — Wy IOg Wy(z) — Ws(x)

(39)

= — A8y Wy,

where we have used that
dH[dt = — /b/20 > log wy (wy — ws()
= — |/b]2a D logwy(wy — wyp) . (40)

If 2> 0, we regard @, = @ = sup w, which yields a
contradiction, analogously 2<C0 yields a contradic-
tion with wy,=w=infw,. For 1=0 all @, are
equal. Hence we get:

wy >0 forall v = @, = const.

Now let us consider the case that some of the w,
are zero a priori. If we don’t have

wa:O = ws(a)zo

(= (wzp =0 > wg=0)), (41)

then we get dH/dt = — co. In this case we must
have in mind that in the derivation of the master
equation there appears a time 7 corresponding to a
difference equation, so this divergence is an
artificial one due to our use of the differential calcu-
lus. Let us now consider only those I for which the
condition (41) is fulfilled. Then all terms in Egs. (39)
remain bounded, if only those w, are taken into
account which are not zero a priori. Then the same
argument as above shows that the only solutions
are given by @, = const, @, =0 corresponding to
A=0. A simple calculation then yields, that all
correspond to maxima of the entropy production
dH/dt, dH |dt = 0. Thus all minima — if existing —
must be given by extremal points of the convex
polyhedron

T={W|w,=0n zgpw,. =1}.
These extremal points are given by
Wex = {wrl Wy = (3;’;{/3;4} .

They do not fulfill the condition (41). Hence we get
the result: dH/dt possesses maxima in every
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boundary piece of T if only those W are regarded
which fulfill the conditions (41) — which depends
on the choice of the boundary piece. For all other
W the entropy production formally diverges.

Now we have B—= z/’.ka (compare Sect. I11),
where 4 =0. The X are the extremal points of the
set €[4]. Hence we have dH/dt =<0 for every
master operator B (compare [4]). Thus we finally
have

dH|dt = — /b/26 > log wy (wy — wsm) < 0,

equality only occurs, if the condition (41) is ful-
filled and the remaining w, =0 all are equal. In
other words

dH/dt [W, Bl < dH/dt [W, Bmax] <0, (42)

if W= Wed, B = Bmax Note that Bmax corresponds
to a point B e B with maximal distance d from
X (& W). Then we have with

K ={B|BeBr|X—B|=d},

B =B+ C(C: BeK = |C|2+2(B—X,C)

=|C|(|C| +2|B—X|cosa)=0.
Hence

Thus we get
|C] =0 = cosa—0.

But then B is an analytical extremum and therefore
a minimum. Therefore ||C'|=0. Hence only iso-
lated points in B can have maximal distance
from X, and only extremal points can occur. If
any inner point occurred, then we would have an
analytical maximum which is impossible.

Let us make two remarks:

1) We consider the mapping 7': T (v)=_8(»)
(compare (38)). Of course this mapping is one to
one, hence it is a permutation. If 7" maps the set
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